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ABSTRACT 

In  this  paper  going  to  be  showing  for  all  s  6  K,  when  1  <  a  <  2,  the  ill-posedness  for  the  Cauchy  problem  1. 

|  ut  +  D“ux  +  TCxuyy  +  uux  =  0,  (x,y)EM2,  f  >  0, 

l  u(x,y,0)  =  un(x,  y), 

where  Kx  is  the  Hilbert  transform  in  the  first  variable,  and  1  <  a  <  2. 
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1.  INTRODUCTION 


Is  known  that  The  Picard  iterative  scheme  cannot  be  used  to  prove  the  local  well-posedness  (LWP)  for  the 
initial  value  problem  (IVP)  with  the  Benjamin-Ono  equation  2. 


tq  +  Jfi ixx  4-  uitx  —  0,  x,t  E 

u(0,  x )  =  u0. 


(2) 


Also,  when  the  equation  has  a  general  nonlinear  part,  in  [8]  using  the  Picard  scheme  the  authors  proved 
the  LWP  for  the  IVP  3 


(  ut  +  Huxx  +  ukux  —  0,  j£,teE 
l  u(0,  x )  =  u0. 

Using  the  ideas  exposed  in  [8]  Kenig-Martel  and  Robiano  in  [7]  proved  the  LWP  for 

ut  +  Dxux  +  ukux  =  0,  x,  t  £  M 
u( 0,x)  =  u0.  withl  <  a  <2 


(3) 


(4) 


It  is  very  interesting  that  cannot  be  used  the  same  argument  for  the  bidimensional  extension  1,  because  in 
this  paper  gonna  be  show  a  bounded  sequence  of  functions  in  H°°  over  cannot  be  applied  the  Picard  Scheme. 

In  [2]  shows  LWP  using  energy  estimates  for  1  when  0  <  a  <  1  and  prove  the  ill-posedness  for  all  s  £ 
M.  For  LWP  of  1  the  reader  can  see  [3]  and  [11] 

2.  ILLPOSEDNESS 

Using  the  ideas  in  [10],  and  [2]  here  prove  that  the  IVP  1  cannot  be  solved  by  a  Picard  iterative  scheme 
based  on  the  Duhamel’s  formula.  In  other  words,  if 
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u(t )  =  f/a(t)0  -  /0‘  Ua(t  -  t')[u(f)ux{f)]df  (5) 

That  is  the  integral  equation  corresponding  to  the  IVP  1  with  initial  datum  0,  in  wich 

(t/a(t)0)A(f,?7):=  e-it(|<r|“f+ssn®,j2)0(f,?7),  (6) 

the  following  assertion  holds. 

Theorem  1  Let  a  £  [1,2),  s  £  M  and  T  >  0.  Then,  there  does  not  exist  a  space  XT  continuously  embedded  in 
C([0,  T];  HS(R2')')  such  that  there  exist  C  >  0  with 

(7) 

and 


Jo  U«(?  ~  t')(u(t')%(t')  dtO 


XT 


<  C\\u\\  ,  u  E  XT 

I  1  Xy 


(8) 


Let  us  observe  that  the  conditions  7  and  8  are  necessary  to  apply  the  Picard  iterative  method  scheme  in  the 
integral  equation  5 

Proof.  Reasoning  as  in  [10]  can  be  supposed  there  exist  a  space  XT  such  that  7  and  8  holds.  Let  us  define  in  8 
u:  —  Ua(t)(p.  Then 


|/o  Ua(t  -  t')[(l/a(t')0)«/a(t')0*)]  df  |  <  c||t/a(t)0|| 

XT 


2 

XT 


In  this  way,  using  7  and  the  fact  that  Xr°C (|  0,  T]\  HS(M2)),  can  be  concluded  for  each  t  £  [0,  T ] 


Jo  U«(t  -  Ot(Ua(t')0)(Ua(t')0*)]  df  <  j  I  Ua  (t)0 1 1 

U  rrS/m>2x  1  1 


HS(RZ) 


i//s(nr) 


(9) 


Will  show  9  is  not  true,  exhibiting  a  bounded  sequence  {0w}jveM  e  //S(M2),  such  that  for  t  £  [T / 2,  T], 


lim 

A/—*  CO 


Jo  Ua(t  -  f)[(Ua(f)cpN)(Ua(fXcpN)x)]  df 


Hs(  R2) 

Let  us  take  0  =  0W  defined  through  the  Fourier  transform  as  follows 

^  1+5  1+5 

=  P~~Xi^.Tl)  +  P~N-Sxh^,rif 
N  »  1,  0  <  /?  «  1,  5  >  0,  5  =  5(a) 

Where  f  =  [/? /2,  /?]  X  [0,  Z?5]  and  I2  =  [IV,  N  +  f]  X  |0,  /?'5 1,  /?  to  be  precise  later,  and  denotes  the 
characteristic  function  of  the  set  A.  Let  us  note  that 


HS(R 2) 


=  JR2  (1  +  f2  +  ,2)10(^)|2  d^p 

=  J  (1  +  f2  +  j fyp-a+s)  + 

+  J2  (1  +  f2  +  j fyp-Ci+s)N~2s  d^p- 

~lL  if  ^_(1+5)  +  C  if  N^rC1+S)N~2s  dfp-C 


(10) 
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Moreover,  is  defined  p(f,p)  =  -(If  |“f  +  sgntfW),  6>0f,p,A<Pi)  =  p(A,?7i)  +  p(f  -  f1( t]  -  rjJ  -  p(f,p), 
and  t/)(f,  rj,  £1(  r if)  —  4>(J; ,rf)(p(f,  —  rj  —  rl jf).  Then  it  can  be  easily  seen  that 


Jo  Ua(t  ~  t')[(^(t')0)(Ua(t')0J]  dt'  = 

=  c/r2  [jR2  d^\ 


dtv 


Considering  the  following  four  sets 

kjtf.ri)  =  {(A, Pi)  e  R2  |  (A- Pi)  G  (f-fi,?7-?7i)  e/j}, 

i,J  e  {1-2} 

To  obtain  tKAP-A-Pi)  ^  0,  it  is  required  (A- Pi)  £  A/(Ap)  f°r  someone  of  this  four  sets.  Using  the  notation 
9  =  9(f,  r] i,  Pi),  holds  that 

Jo  Ua(t  -  t')  [(f /a(t')0)(Ua(t')0*)]  df  = 

=  c  [;Xii({  5)  r««>  ^  <!?,„,  + 

+4,<m  r<1*s>«-"£^<ifi>h  + 


Define 

fi(.x,y,t)  :=Jr2 
f2(x,y,t)  :=Jr2 

hix.y.t)  :=Jr2 


Cfei(*f+3',7)eitp(f.’?) 
/?(!  +  «) 

C|rei(3cf+yi7)eitp«,77) 
p<y+s)N2s 
c^edx(+yv'>eitP(.tv') 
/J(l +«)/vs 


[■taff.,)  ^  d to 

[Xtl2U >21(f.,)  ^  d^]  d to 


(12) 


(Jo  Ua(t  -  t')[(ya(t')0)(Ua(t')0*)]  dt'}(x,y)  = 

=  A  O,  y,  t)  +  A  U,  y,  t)  +  A  O,  y,  0 

and  will  can  see  that 


supp(A)  c  0,2/?]  X  [0,20s] 
supp(A)  c  [21V, 21V  +  20]  X  [O,205] 
supp(/3)  c  [lV  +  | , IV  +  20]  X  [O,205] 

The  supports  are  mutually  disjoint.  We  have  that 


|/o  "a(t  ~  t')[(Ha(t')0)((/a(t')^)]  *'|  >|lA(v,t)l| 


(13) 


Making  the  change  of  variables  <f2:  =  —  A  and  p2:=p  —  Pi  and  taking  into  account  that  #(AP<A>P 2)  = 

0(f,  p,  -f2,  P2),  it  is  easy  to  see  that 


Ja21(f,J7) 


SCf.V.firfi) 


dtiVi  -  fAl2(f,v) 


gite(f,)j,f2,j;2)_1 

0(f,J7,f2.»7z) 


<*AP  2 
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Therefore, 


h  i.x,y,t)  = 

=  - — -  f  ?eKxt+yv)eitp(Z,ri)  [f  eltB-l  . ,  1  ,, 

^(i+SJjvsJrZ  e  LJ2ti2«A)  9  “?1^J  ^ 


and, 


|l/s(  < 

=  LynnlT^  (1  +  f2  +  J?2)S  ' 


Cf2 


eit6_1  ^  |2  ^ 

Jsupp{%)  ^  T  S  '  ^2(1+5)JV2S  I^12(f,„)  “T"  d^l|  d  ft 

taking  account  the  support  of  /3,  i.e.  ((,  rf)  £  |a  +  N  +  2/?J  X  [0,2/?5] 

1 1/3  (  1  1  01 1  p2(l+S)N2s  fsupp(fa)  |-^412(f,j;)  e  d^t] 

take  /?  such  a  way  that  (3Na  =  N~£,  with  0  <  e  «  1,  it  follows  that 

9(f'V>fi'Vi)  =  P(fi-?7i) +  P(f  -fi.V  ~Vi)  -P(f^) 

=  -fi“+1  -  (f  -  fi)“+1  +  f“+1  +  2t7rOl  -  t?i) 

=  -ff+1  -  [f“+1  -(«  +  Df“fi  + 

+o(fi)]  +  (“+1  +  2?71(/7  -  rjfl) 
f where  lint  =  o) 

V  fl^O  fl  / 

=  (a  +  1)^  -  ff+1  -  ofo)  +  2x]x{r\  -  77^ 

=  fi  [(«  +  l)f“  -  ff  -  +  2771(77  -  77!) 

~PNa, 

Taking  into  account  that 1  cos(r)  ^  for  0  <  y  «  1,  then  if  [T /2,  T],  follows: 
|l/3(v,t)||HS(R2)  II  Ct2-^fsuMn)  | ReJAi2^n)  ^  df i»7i| 


\L 


1-cos  (t0) 


df?7 


II  'v  r  _ 

^2(i+s)  JSupp(f3)  |J^i2(f,i7)  te 

11  fss>  c,,®  ^2«2“  ii,1I({,,)  «<»• 

||  =  N2+2ap2Hl+S)  = 

—  jy2+2a^-a:-£)(3  +  S) 

—  jy2— (i+5)a— (3+5)£  00  if  rr  <c  — - — 

’  1+5 


As  we  can  see,  if  8  ->  0,  then  a  would  be  near  to  2 


Theorem  2  Fix  s  £  IHL  77zezz  f/zere  does  not  exist  a  T  >  0,  such  that  1  admits  a  unique  local  solution  defined  on 
[0,  T]  and  such  that  the  flow  map  data-solution 

0  ->  u(t),  t  £  [0,  T ] 

for  1  is  C2  differentiable  at  zero  from  HS(M.2)  to  HS(M.2) 

Proof.  Consider  the  Cauchy  problem 
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Suppose  that  uY(x,y,  t )  is  a  local  solution  of  14  and  that  the  flow  map  is  C2  at  the  origin  from  HS(M.2)  to  HS(M.2). 

Then 


5 

(14) 


S  =  -2  Jo  U*(t  -  t')[(Ua(t')0)(t/a(t')0*)]  df 

°V  y=0 


The  assumption  of  C2  regularity  yields 

|/o  ua(t  -  O[(t4(O0)(t4(t')0*)]  dt'| 


tfs(R2) 


I  (4(001 1 


/^(R2) 


But  the  above  estimate  is  9,  which  has  been  shown  to  fail. 

3.  CONCLUSIONS 


05) 


•  Can’t  be  posible  to  use  the  Picard  Scheme  to  prove  the  local  well  posedness  for  the  initial  value  problem  (1) 

•  The  map  datum-solution  is  not  at  the  origin,  this  result  is  known  as  ill-posedness 
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